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I. INTRODUCTION 
An 71 x n complex matrix P is defined to be stable if all of its eigenvalues have 
negative real parts. Stable matrices generate assymptotically stable semigroups 
on Cm and conversely. For an operator P on a non-finite dimensional Hilbert 
space the situation is far more complicated-there are many types of stability 
(the various operator topologies are distinct) and P may have no eigenvalues at 
all. Yet if P generates a Cs-semigroup, U(t) (t > 0), we may still define the 
stability of P in terms of the behavior (in some topology) of U(t) as t -+ +co. 
The question is what effect will the spectrum of P have on this behavior ? 
Searching for conditions making an n x n real matrix P stable, Hahn found, 
[7], that if P was dissipative with real part B = 1/2(P - P*) and imaginary 
part A = 1/2(P - P*) then P was stable if and only if rank (B, AB,..., A*-lB) 
rzz n. Subsequently, in [8], Heymann and Feuer pointed out the connection 
(in this case) between stability of P and controllability of the system (A, B). 
Motivated by this observation, using the interplay between controllability and 
weak stability developed in [I], [lo], and [12] and techniques generic to the 
infinite dimensional case it will be shown that bounded dissipative operators 
on Hilbert space with compact imaginary part are weakly stable if and only if 
they have no purely imaginary eigenvalues. A generalized version of the theorem 
of W. Hahn is obtained as a corollary. 
The notation and terminology will be that of Yosida [20]. 
This work was initiated at the George Washington University and owes 
much to the advice and help of C. T. Taam. 
II. PRELUDE 
Let X be a complex Hilbert space with inner product <., .> and take A to be a 
closed operator with domain D(A) d ense in X. A is assumed to be dissipative 
(Re<Ax, x) ,( 0 for x E D(A)) with (I- A)-1 EL(X, X) and hence generates a 
C,-contraction semigroup, T(t) (t > 0). 
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By Eberlein’s mean ergodic theorem [2], the limit 
cl&f St exp(--iat) T(t) x dt = P,x 
0 
(2.1) 
exists for each x E X and a, -cc < a < + co, and defines an orthogonal 
projection, P, . Moreover P,P, = P,P, = 0 for a # b and for t > 0, --cc < 
a<+02 
T(t)P,x = exp(iat) P,x, T(t)*P,x = exp(-iat) P,x. Q-2) 
Define the almost periodic subspace of T(t) (t > 0), X, , to be the closed span 
of (P,x: - 00 < a < + 00, x E X}. Then X, is the closed span of the eigen- 
vectors of A that have purely imaginary eigenvalues; X, is T(t), T(t)* (t > 0) 
invariant; and T(t) (t >, 0) forms a Co-semigroup of unitary operators on X, . 
Moreover for each x G X, the orbit, O(x) = {T(t) x: t >, 0), is strongly pre- 
compact and (since T(t) (t 3 0) is unitary on X,) this is equivalent to the 
Bochner almost periodicity of the function t ---f T(t) x and hence X, is the space 
on which T(t) (t > 0) acts as an almost periodic unitary semigroup. For x c X,I, 
0 is in the weak closure of O(x) and for any y E X 
$+I + j-” l<T(s) x, y)l ds = 0. 
0 
(2.3) 
Conversely if (2.3) holds for all y in X, then x is in X,I. 
(The above results are contined in [l 1] and [15].) 
The maximal subspace on which T(t) (t 2 0) is unitary, X, , will be referred 
to as the unitary subspace of T(t) (t > 0). Langer [9], Sz-Nagy and Foias [14] 
have characterized X, as the T(t), T(t)* (t > 0) invariant subspace: 
Xff = (X E X: 11 T(t) X /j = (I X I/ = /I T(t)* X I/ t >, 0). 
While in [5], S. Foguel further developed this result and was able to show that 
for x E X,l 
w-b-2 z-(t) x = w-lidi T(t)* x = 0. 
If X, = (0} the semigroup T(t) (t > 0) is said to be completely non-unitary 
(c.n.u.). 
For x E X, y is a weak limit point of O(x) if for some sequence t, (n > 0), with 
t, -+ + co, w-lim T(t,) x = y. Let M(x) be the subspace generated by the 
weak limit points of O(x). A vector x E X is defined to be recurrent if x E M(x). 
Take X, to be closed subspace: 
x, = (x E x,: W-hi T(t) x = O}. 
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Then since T(t) (t > 0) is unitary on X, , X, is T(t), T(t)* (t > 0) invariant. 
An easy generalization to the case of the continuous semigroup, T(t) 1 X, (t > 0), 
of the discrete ergodic result of Foguel[5] implies that the set 
x, = {x E x, : x E M(x)}. 
is the orthogonal compliment in X, of X, and hence X, is a closed T(t), 
T(t)* (t >, 0) invariant subspace. Combining the results of Foguel, we have 
X = X, @ X,l = X, @ X, @ X,l. X,,, is called the recurrent subspuce of 
T(t) (t > 0). Note that if x E X,l then w-limt+rr, T(t) x = w-Em,,, T(t)* x = 0. 
(We could also derive this result from [a as was done in [I] and [IO] but then 
the recurrence properties (used in the proof of Theorem I(b) of X, are not so 
immediate). 
Clearly X, C X, C X, . Any or all of these subspaces may be {0}, and when 
T(t) i > 0 is almost periodic they coincide. 
A C,,-semigroup, V(t) (t >, 0), and its generator C are defined to be weakly 
stable if w-lim,,, V(t) x = 0 for every x in X, and stochastically stable, if 
for all x, y in X. If V(t) t 3 0 is also a contraction semigroup then it is weakly 
(stochastically) stable if and only if its recurrent (almost periodic) subspace is 
null. 
Now let Y be a Hilbert space and B be a bounded operator’ on Y to X. The 
Hille-Yosida and Phillips-Lumer Theorems imply that A - BB* generates a 
Co-contraction semigroup, say S(t) t > 0 [ 131.0 ur main concern in the following 
will be with this semigroup and the semi-dynamical system: 
6% B) f = Ax + Bu, x(0) = 0 
where u E C, the Y-valued strongly measurable locally L2 functions on (-03, 
+ co). An X-valued function x(t) is defined to be a mild solution of (A, B) if it 
is defined and strongly continuous on [0, +a) such that for every y in D(A*), 
{x(t), y) is absolutely continuous on every interval [a, b], 0 < a < b < +cq 
and 
$ (x(t), r> = (x(t), A*Y> + (W), r> a.e. 
For any y E C, x(t) exists and is uniquely given by 
x(t) = j-’ T(t - s) Bu(s) ds, t t 0, 
” 
a Bochner integral. 
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Consider the subspace C defined by C = sp{si T(t - s) Bu(p) ds: u E C, 
t 3 01. Let c” be its strong closure and C* be the corresponding subspace for 
the dual semigroup T(t)* t > 0. Then the system (A, B) is defined to be con- 
trollable if c” = X; unitarily controllable if no non-zero vector in X, is ortho- 
gonal to both 2 and C*; and recurrently (almost periodically) controllable if no 
non-zero vector in X, (X,) is orthogonal to 2. Systems satisfying one of the 
last three conditions will be referred to in the following as being U-, R-, or 
AP-controllable respectively. When the semigroup T(t) t > 0 is unitary (or 
BY C X,) U-controllability is simply the requirement that both (A, B) and 
(A*, B) be controllable. 
Using the standard arguments ([3], [16j) we arrive at the equivalent formula- 
tions: The system (A, B) is controllable (AP-, R-controllable) if and only if for 
each x in X(X,, X,) there is a t, >/ 0 for which B*T(t,,)* x # 0, and U-con- 
trollable if and only if for each x in X, there is a real number t, for which 
B*T(t,) x = 0. For AP-controllability an application of Eberlein’s theorem 
transforms this to the requirement that for x in X, , B*P,x = 0, --co < a < 
+ co, only if x = 0. 
An Example 
Take X separable with X, , X,,, , X, , and X distinct and non-trivial. Then 
on X, A has countable pure point spectrum with an orthonormal sequence of 
eigenvectors x, n > 0 spanning X, . Take X, = 2 c,x, , C j c, I2 < fco, 
Y = C, and B, EL(Y, X) defined by B,z = ZX, for .Z E C. Then (A, B,) is 
AP-controllable but not R-controllable. 
The system (A, B) is stabilizable (weakly, stochastically) if there exists a K in 
L(X, Y) such that the operator A + BK exhibits the required stability. The 
kinship of the various notions of controllability and stabilizability are contained 
in the following result which appears in scattered form in the literature. Lemma 1 
and part (c) of Theorem 1 appear in [lo] and [12], and part (b) of Theorem 1 is 
in [l]. For completeness, proofs of Theorem 1 and its Corollaries are provided 
in the appendix. The techniques are those of [12] but they essentially coincide 
with [I] and [lo]. 
LEMMA 1. If A generates a C,,-semigroup T(t) (t > 0) on the Hilbert space X, 
Q EL(X), and V(t) (t > 0) is the C,-semigroup generated by A + Q, then for 
x E X the following are equivalent: 
1. QT(t) x = 0, t 20, 
2. T(t) x = V(t) x, t 20, 
3. &V(t) x = 0, t >, 0. 
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THEOREM 1. If A generates a CO-contraction semigroup T(t) (t > 0) on the 
Hilbert space X, B E L( Y, X) (Y Hilbert space) then: 
able (4 (4 B) is AP -controllable if and only ;f (A, B) is stochastically stabiliz- 
(b) (A, B) is R-controllable if and only if (A, B) is weakly stabilizable. 
(c) (A, B) is U-controllable if and only if S(t) t > 0 is completely non- 
unitary. 
COROLLARY 1.1. If K E L(X, Y) weakly (stochastically) stabilizes the system 
(A, B) then -B* weakly (stochastically) stabilizes (A, B). 
COROLLARY 1.2. The system (A, B) is R-controllable if and on@ if X, C 2. 
In the context of Corollary 1.1 it would be interesting to know in what sense 
-B* might be the “best” stabilizing operator. 
The lack of symmetry in the definitions of U-, R-, and A&controllability is 
illusory. Theorem l(a) and l(b) show that (A, B) is AR-(R-)controllable if and 
only if (A*, B) is AR-(R-)controllable. We also remark that when A is dissipa- 
tive and X is finite dimensional AR-controllability reduces to Wonham’s 
property that the “unstable modes be controllable”. In this sense l(a) is a genera- 
lization of Wonham’s result, [19], that to stabilize (A, B) it is sufficient to 
control the unstable modes for in the finite dimensional case all uniformly 
bounded semigroups are almost periodic and stochastic stability is equivalent 
to stability. 
III. WEAKLY STABLE OPERATORS 
In the following paragraphs X,. T), X,(S) k = p, u, m will denote the almost 
periodic, unitary, and recurrent subspaces of the respective contraction semi- 
groups T(t) (t > 0), S(t) (t 2 0). 
THEOREM 2. Let T(t) (t 2 0) be a C,-contraction semigroup with generator A 
on X, K E L(X), K < 0, and S(t) (t 2 0) the C,,-contraction sem~~oup generated 
by A + K. Then 
1. XP(S> = -Go 
2. -US) C -&n(T), 
3. &(s) C -G(T). 
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Proof. Let x E X,(S) n D(A). N ow since K < 0, for some D EL(X), 
K = -DD*. Hence 
0 = $ II s(t) x II2 = 2Rk4 + K) S(t) x, S(t) xj < -2 11 Ds(t) x j/z. 
But then DS(t) x = 0 and therefore KS(t) x = 0 for all t >, 0. Hence by 
Lemma 1, S(t) x = T(t) x for all t >, 0. Since X,(s) n D(A) is dense in X,(S), 
S(t) x = T(t) x for all t 2 0 and all x E X,(S). Statements (1) (2) and (3) 
follow immediately. 
COROLLARY 2.1. If T(t) (t 2 0) is an almost periodic C,-contraction semi- 
group with generator A on X, K EL(X, X), K < 0, and V(t) (t 3 0) is generated 
by A + K then X,(V) = X,(V). 
Proof. Since T(t) t 3 0 is almost periodic, X,(T) = X,(T). By Theorem 2, 
XuV’) C X,(T), and (f rom the proof) for x E X,(V), T(t) x = V(t) x for t > 0. 
But then {V(t) x: t 2 0) coincides with (T(t) x: t > 0) which is strongly pre- 
compact and hence x E X,(V). Q.E.D. 
We note from Corollary 2.1 and Theorem 1 that when T(t) (t >, 0) is almost 
periodic the notions of U-, R-, and AP-controllability coincide. For if T(t) 
(t > 0) is almost periodic, XU(S) = X,(S) by Corollary 2.1. But, if the system 
(A, B) is AP-controllable, X,(S) = (0) by Theorem l(a) and therefore S(t) 
(t >, 0) is c.n.u. Theorem l(c) then implies that the system (A, B) is U-con- 
trollable. We always have the converse. 
It also follows from Corollary 2.1 and Theorem l(a) that when T(t) (t 2 0) 
is almost periodic the system (A, B) is U- (and hence R- or AP-)controllable 
if and only if A - BB* has no purely imaginary eigenvalues, and also that for 
K EL(X) with K < 0, the operator A + K is weakly stable if and only if it has 
no purely imaginary eigenvalues. We shall apply these remarks in the following 
paragraphs. 
For P EL(X) denote the real part of P, 1/2(P + P*), by B and its imaginary 
part, 1/2(P - P*), by A. Then B = B*, A = -A* and, P = A + B. 
THEOREM 3. Let P be a bounded dissipative operator with compact imaginary 
part A and real part B on a Hilbert space X. Then P is weakly stable ;f and only ;f 
the semi-dynamical system defined by (A, B) is controllable. (Here the Hilbert space 
Y is identified with X.) 
Proof. Since A = -A*, A = iH, H = H*. Let T(t) (t 2 0) be the C,,-semi- 
group generated by A, then 
T(t) = exp(tA) = c f A” (n > 0) 
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and by Stone’s Theorem T(t) (t > 0) is unitary, it is also almost 
periodic. 
Indeed, since H is compact and self-adjoint there is an orthonormal sequence 
of eigenvectors x, 71 > 0 with distinct real eigenvalues a, 7t > 0 such that for 
each x in X 
x = x0 + c (x, x,> x, , 
where the series converges strongly and Hx” = 0. Now since T(t) is unitary, for 
all m > 0, t > 0, and x in X. 
I/ T(t) x - ( x0 + 5 = 0 exp(ia,t) ( ?I .,..)x~)~~=;~.-(x~+~~o(x,.,,..)~~ 
and hence for each x in X the orbit O(x) is uniformly approximated by the 
strongly compact sets 
O,(X) = x0 + f exp(ia,t) (x, x,) x,: t 2 0 
I I 
m = 1,2. 
n-0 
Therefore O(x) is strongly precompact and T(t) t > 0 is almost periodic. 
Now since P is assumed dissipative, for x in X 
(Bx, x) = Re(Px, x) < 0 
and hence B = -DD* for some D in L(X). Identify Y with X and consider the 
system (A, D). Since T(t) (t 2 0) is almost periodic and unitary the various 
notions of controllability coincide and that the system (A, D) is controllable if 
and only if A - DD* = A + B = P is weakly stable follows from the above 
remarks. But since 
D*T(t)* x = 0 -+ B*T(t)* x = 0, t 2 0, 
the system (A, B) is controllable if and only if (A, D) is controllable, and hence 
(A, B) is controllable if and only if P is weakly stable. Q.E.D. 
COROLLARY 3.1. Let P be a bounded dissipative operator with compact imagi- 
nary part on a Hilbert space X. Then P is weakly stable if and only if P has no 
eigenvalues on the imaginary axis. 
Proof. From the proof of Theorem 3 the system (A, D) is controllable if and 
only if P is weakly stable. But since the imaginary part of P, A, generates an 
almost periodic unitary Co-semigroup, it follows from the remarks after Corol- 
lary 2.1, that (A, D) is controllable if and only if the operator A - DD* = 
A + B = P has no eigenvalues on the imaginary axis. Q.E.D. 
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COROLLARY 3.2. Let P be a bounded dissipative operator with compact 
imaginary part A and real part B on a Hilbert space X. Then P is weakly stable ij 
and only if for each x E X, x = 0, BAnx = 0 for some n 3 0. 
Proof. If T(t) = exp(tA) (t 3 0), then (using the standard argument of 
Kalman, see [14]) B*T(t)* x = 0 (t > 0) implies that B*A*“x = 0 for n >, 0 
and conversely. Since B = B* and A = -A*, (A, B) is controllable if and only 
if for each x E X, x # 0, BA”x # 0 for some n > 0. The conclusion follows 
from Theorem 3. 
When X is finite dimensional Corollary 3.2 reduces to the theorem of W. Hahn 
[51. 
The proof of Theorem 3 also gives a general method for constructing almost 
periodic unitary groups, i.e. take any compact self-adjoint operator H and form 
exp(itH) ---co <t < +oo. 
IV. CODA: A PROOF OF THEOREM 1 
We note from the proof of Theorem 2, that for x in X,(S) T(t)* x = S(t)* x 
and T(t) x = S(t) x for t > 0. Moreover if x is in X,(S) (X,(S), X,(S)) then x 
is in X,(T) (X,(T), X,(T)) and by Lemma 1 B*T(t) x = 0 and B*T(t)* x = 0 
for t > 0. But then if the system (A, B) is U-(R-, AP-)controllable x must be 0 
and therefore the subspace X,(S) (X,(S), X,(S)) is null. The necessity of parts 
(a)-(c) follows from Foguel’s Theorem and the almost periodic results of 
Section I. 
Conversely, assume that for some K E L(X, Y) the C,-semigroup generated by 
A + BK, V(t) (t > 0), is weakly (stochastically) stable. Let x be any element of 
X, and take u(t) = - KV(t) x t 3 0. Then u is in C and the corresponding mild 
solution of (A, B) is given by 
x(t) = T(t) x - V(t) x t > 0. 
To prove the sufficientcy of part (a) suppose that x is in X,(T), V(t) (t > 0) 
is stochastically stable, and that B*T(t)* x = 0 for t 3 0. Then K*B*T(t)* x 
= 0 for t > 0 and by Lemma 1, T(t)* x = V(t)* x. 
But then 
& f j-’ I(T(s)* x, y>l ds = ?+I f f l(q)* x, r>l ds = 0 
0 0 
and by Lemma 3.2 of [II] x E X,(T*)l = X,(T)l, and hence x = 0. Therefore 
(A, B) is AP-controllable. 
Now suppose x is in X,(T) and V(t) (t > 0) is weakly stable. Then x E M(x), 
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and given y in X and E > 0, there exist complex numbers c, ,..., c, and weak 
limit points yI ,..., yn of O(x) such that 
I( x - 1 cjyj , y >I 
< E. 
Now for each ylc , K = 1,2,..., n there is a sequence tmk (m > 0) lim, t,k = 
+co and 
w-liz T(tmk) x = yk k = 1, 2 ,..., 71. 
But since V(t) (t > 0) is weakly stable, 
But then x is in the weak closure of 2 and hence is in 2. Hence X,(T) C C 
and (A, B) is R-controllable, moreover we have also proved Corollary 1.2. 
For the sufficiency of (c) assume S(t) t > 0 is c.n.u. and that for some x in 
X,(T) B*(T(t)* x = B*T(t) x = 0 t > 0. But then by Lemma 1 T(t) x = 
S(t) x and T(t)* x = S(t)* x for t 3 0, and since x E X,(T) 
II w x II = II w x II = II x II = II w* x II = II w* x II , t 20. 
But this implies that x is in X,(S) and hence is 0. Hence (A, B) is U-controllable. 
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